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Let p be a prime. Let H be a finite group, and let c be an (absolutely) 
irreducible character of H. Any thorough study of the p-modular decom- 
position of c requires passage to some integral representation. If S is a 
(finite) group acting on H and leaving [ invariant, such an integral represen 
tation will not be S-invariant in general. It is important to have invariant 
integral representations for purposes of Clifford theory. In fact, modular 
decomposition often gives new insights in such “classical” questions like 
extendability of characters. 
For this reason we consider the more general situation that H is a normal 
subgroup of some group G, and let S = G/H. (S still acts on the characters 
of H and the isomorphism types of H-modules.) We also fix a p-modular 
system (K, R, k), where K‘is a finite extension of the p-adic numbers Q,, and 
k = R/JzR is its residue class field. 
Suppose i is G-invariant and realizable over K. If H is a p’-group, then 
there is up to isomorphism a unique (projective) RH-lattice affording <, 
which is clearly G-invariant. This is quite useful for the representation theory 
of p solvable groups (see 1121). Here we assume throughout that p divides 
[HI. It is somewhat surprising that there still exist invariant lattices, except 
for some special cases: 
THEOREM. There exists a G-invariant R H-lattice affording [ if one of the 
following holds. 
(i) K contains a primitive pth root of unity and a primitive 4th root of 
unity in case p = 2. 
(ii) The greatest common divisor of the degree of [ and the exponent 
of S/S’ is relatively prime to p - 1 fbr odd p and to p = 2 otherwise. 
The proof of the Theorem is based on ideas developed by Dade 141. We 
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associate to < a “p-adic lattice obstruction” &J<) f H”(S, J) such that there 
is a G-in~~ariant RH-lattice affording [ if and only if the rami~cation index of 
I( over (Cl&([) is a multiple of the order of ‘3,(C). This cohomology class is 
closely related to the extendability obstruction studied in 11 I 1. Of course, the 
objective is to show that &jr;(<) vanishes in most situations. We are able to 
describe the exceptions and to illustrate these by examples, 
In the course of the proof we establish the following extendability criterion 
which might be of independent interest: Assume S = G/N is a p-group and 
O,(i) does not contain a primitive pth root of unity (sop is odd). Then there 
exists a unique character x of G such that xlr = i and such that 8&j is 
unramified over a,([) (Proposition 2). This generaiizes a result of Isaacs. 
The existence of invariant lattices relies also on the modular decom- 
position If there exists an irredu~ibie Brauer character 9 of H which is G- 
invariant and for which the decomposition number d,, = 1, then 6,,(i) 
vanishes ~Proposition 4). This will be applied in case i belongs to a p-block 
with cyclic defect group (Proposition 5). In fact, the exceptional characters 
provide for examples where the lattice obstruction does not vanish, an obser- 
vation the authors made when reading Brauer’s famous paper 111. 
1, PRELIMINARIES 
Let < be a (complex) character of H. For g E G and Ix E N define p(h’) = 
i(h), where h” = g - ‘hg. Then <” is again a character of fi, and [ is G- 
in~~ariant provided <” = < for all g E G. 
Let E/ be a (right, finitely generated) ~~-module. For g E G define the 
conjugate module VK = V as K-vector space but with new ~-action 
L’ o h” 12 lifj (u E V, h E W). 
Of course. I/” r I’@ g when regarded as an ~~submodule of the induced 
module V”, V is G-invariant if vn z V for all g E G. This holds precisely 
when the character afforded by Y is G-invariant, just because KH is 
semisimple. With regard to kN-modules, this can be said only for completely 
reducible modules. {The term “character” is used in the sense of Feit 15, 
Chapter IV, Sections l-2 1; (K, R, k) is as fixed above.) 
Let P be an R-free R~-module such that I( 0, p z V. We then associate 
to p the same character as to I’, and we may assume without loss that g is a 
full RH-lattice in V, i.e., t” is contained in I/ and Kp = If. The conjugate 
lattices BR and G-invariance are defined as above. If P is G-invariant so is 
V, but the converse does not hold in general. 
Let us investigate G-invariance of V more closely. (SimiIar discussion for 
RH-lattices and ~G-modules.) It is immediate that VZ l’* for all h E H (via 
L‘ t-, uh -- ‘). We fix, therefore, a transversal (tr) to H in G (with f, = 1 f. Then 
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V is G-invariant if and only if there exists, to any x E S, a linear 
automorphism a,r E GQY) (with CI~ = 1,)) such that 
a,fL~hf.~) = cx,(c)h (A) 
for all z* E: V, 12 E. H. Let t(~, JJ) = f,t?~,,‘, which is an element of H, and let 
t,..(x, ~1) be the linear automorphism v I-+ v~(x, J!) of V. Then, for x, J’ in S, 
a(x, y) = t&, 4’) a,u,$x.y,.’ (B) 
is an invertible element in the (opposite) endomorphism ring End,,(V). 
LEMMA 0. Assume I; is absolute& irreducible and G-invariant. Then a is 
n Jactor set with values in (the trivial S-module) K * = End,.,[( Y)*; its 
cuhomologjt class wG( V) E H’(S, KzF) depetzds on& on the iso~lor~hi~rn type 
of V atld the group extension. This ‘“obstruction” ufci( V) vanishes iJf arld otzfc 
[f there exists a KG-module extending V. 
Proof The lemma is well known (see, for instance. [ 1 I 1). For 
convenience we include a proof of the final statement. If there is a KG- 
module U with O;, % V, we may identify VI-= Ut,r as KN-modules for ali 
x E S. Define fy, E GL(U) by letting a,(u) = ~t,~ I. Then (A) holds, and the 
factor set CI satisfying (B) is trivial. 
Conversely, if oc;(V) = 0 then we find, after manipulation with boun- 
daries, elements (T.~ in GL(Y) satisfying (A) such that the resulting factor set 
is trivial. Define 
L’ 0 hr, = a., ‘(rh) 
for L’ E V, s & S, h E H. This imposes on V the structure of a KG-module 
extending the given H-structure. 1 
2. THE LA~ICE OBSTRUCTION 
Throughout < denotes an (absolutely) irreducible and G-invariant 
character of N. We assume also that c can be realized over K and that I/ is a 
K/Y-module afyording [. 
By the Jordan-Zassenhaus Theorem 13, (24.l)j there are only finitely 
many isomorphism types of RH-lattices affording <. These are permuted by 
G (or 5’). Let I? be any full &Y-lattice in V. Every M&lattice affording < is 
isomorphic to some sublattice U of I? We have U z P if and only if IJ = ct:’ 
for some 0 # c E K, by Schur’s lemma. Thus the sublattices iJ of I? with 
U $2 ~17 form a complete set of nonisomorphic RH-lattices affording [. In 
practice, however. it can be quite complicated to determine these subiattices 
(or to decide which are G-invariant). 
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Every element in K* can be written uniquely as a product urr’ with 
a E R * = R - SIR and n E L. Therefore embedding R * in K * and applying 
valuation 071” FP n induce a split exact sequence 
0 --f H’(S, R *) + H2(S. K”) + H’(S, Z) + 0. 
The splitting depends on the choice of the prime 71. We define Gs,(V) as the 
image of w,,(V) in H’(S, Z). This will be called the lattice obstruction to V 
in G: 
LEMMA 1. 3,(V) tlanishes if and only if there exists a G-invariant full 
RN-lattice in V. 
Proof. If there exists such a lattice P, we may choose the c(, in GL(V) 
satisfying (A) as scalar extensions of appropriate 6, in GL(p). Then the 
resulting factor set has values in R* = End,,,(p)*. 
Conversely, assume 6,,(V) = 0. In view of the above split exact sequence, 
we can find, after manipulation with boundaries, a, E CL(V) satisfying (A) 
such that the resulting factor set (L has its values in R *. (Actually we may 
regard wJV> as an element of H2(S. R*).) Now let U be any full RH-lattice 
in V (which exists), and let ? be the R-submodule of V generated by all 
n.,(U) for x E S. We have U 5 P as a, = l,.. By inspection of (A) we see 
that a is H-invariant, hence a full RH-lattice in V. 
We assert that 9 is G-invariant. Since u(x, 4’) E R * and t(x, y) E H for all 
X, J’ in S, from relation (B) we infer that u.,(P) E ? for all x. Let ~7, be the 
restriction to v of a,. We obtain from (B) 
lx c.1- , = a(s, s- ‘) t&. s ‘) ’ 
for all s E S, using again that U, = 1,‘. But the term on the right-hand side is 
in GL(p). Hence 6, E GL(?) as well. This completes the proof. m 
Nonisomorphic RN-lattices affording c remain nonisomorphic when 
passing to some (finite) ring extension 13, (30.25)]. The number of 
nonisomorphic lattices may increase rapidly. especially when the extension is 
ramified. 
LEMMA 2. Let l?/K be a finite extension with ramiJication index e. Then 
G,,(I? (;?, V) = e 5,,(V). 
ProoJ We have a commutative diagram with exact rows 
O+H2(S,R”)+H’(S,K~)~H2(S,~)---r0 
1 1 I 
C’ 
0 + H2(S, k”) + H2(S, Z?“) - H2(S, /Z) + 0 
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where f? is the ring of integers of 2. Hence the lemma follows from the 
obvious fact that wF(k @ V) is the image of wG( V) under the middle vertical 
map. I 
DEFINITION. Let Q,(c) be the unramified extension of a,(<) of degree 
mQD(<). the Schur index of [ over CQ. By ]5, (IV.9.2)] OY [ 13, (X11.2.2)] this 
is a smallest field of realization for [ over Q,. Define &J[) = &JV’), where 
V’ is an?’ a,(<)H-module affording c. 
Note that G,,(c) is a “p-adic lattice obstruction,” depending on the fixed 
prime p. (We could define w,(c) similarly. But observe that every extension 
of O,(c) of degree mQn([) is a field of realization for [.) 
COROLLARY. W,(V) = e . W,(i), where e is the ramification index of K 
orer a,([). 
Proof: Consider the compositum of K and a,([). This is unramified over 
K and has ramification index e over Q,(c). u 
It therefore suffices to study G<;(c). 
LEMMA 3. The order of 6J[) dipides [(I). 
ProoJ: Specialize K = Q,(c). Let 6 be the linear character of H obtained 
by composing a representation with underlying module V with the deter- 
minant. Clearly 6 is G-invariant and has its values in R *. Thus G3,(6) = 0. If 
I’, is a KSmodule affording 6, then in the (additive) group H’(S, K*) 
by Theorem 1 in [ 11 ]. The lemma follows. 1 
The investigation of &J[) can be reduced to cyclic quotient groups: 
PROPOSITION 1. There exists a unique largest subgroup G, 2 if of G 
such that 63,1(t) = 0. This is a normal subgroup of G with cyclic quotient 
group of the same order as (3,(C). 
Proof: Let again K = !&,(c). Let G, be any subgroup of G containing H, 
and let S, = G,/H. It is clear by construction that w,+,(V) is the restriction to 
S, of wc;( V). Thus WC,(<) is the restriction to S, of G&c). 
Now we use the isomorphism H*(S, Z’) z H’(S, (Q/Z). (This follows by 
applying the long exact cohomology sequence to 0 --t Z + Q -+ Q/J! + 0, 
using that Q is uniquely divisible.) Clearly H’(S, Q/Z) is the character 
group of S (or S/S’) and so we have the commutative diagram 
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H’(S, K*) -+ N’(S, 2’) 3 Hom(S/S’, Q/L) 
H2(S,. K*)- N2(S,, Z) 2 Hom(S,/S;, Q/Z) 
where the vertical maps mean “restriction.” Here we use naturality of the 
connecting homomorphism. Now specialize S, = S, to be the kernel of the 
homomorphism S --t Q/Z corresponding to &j,(c), I 
C~ROL’LARY. The order of c;i,(() diuides p”-‘(p - 1)/e, where p’ is the 
largest p-power dividing exp(G) arzd e is the ramification iptdex oJ Q,(c) 
over Cl&. 
Proof. Choose an element g E G such that G = C,( gi. Let G, = If{ g>. 
Then r&Jr) and Gs,(<) have the same order. Thus, replacing G by G,, we 
may assume that S = G/H is cyclic. 
Let iy be the field of exp(G)th roots of unity over Q,, . Then pa - ‘(p - 1 )/e 
is just the rami~cation index of K over Q&(i). As I( is a splitting field for G 
(Brauer) and S is cyclic, there is a KG-moduie extending V. Hence 
c&Y) = 0 by Lemma 0. Apply, finaliy. Lemma 2. I 
The above bound on the order of t3&[) will be improved considerably in 
the next sections. 
3. P-REGULAR CHARACTERS 
Let us call the character < p-regular if Q(c) does not contain a primitive 
pth root of unity. Of course, this makes only sense for odd p. The notion 
generalizes, for p f 2. that of a p-rational character for which the character 
values are supposed to be in a field of p’th roots of unity. 
PKOPOSITION 2. Let 5 be a G-~~zva~~a~t irreducible character @‘II which 
is p-regular (p odd). Assume S = G/N is a p-group. Then there exists a 
unique p-regular charucfer x of G with xH = 5. Furthermore, Q&y> is 
unramifled over Q,(i). 
Proof: By induction we may assume that S is cyclic of order p (in view 
of the uniqueness statement). Then there exists a character 01 of G with 
tllu = c. 
Let j G j = M = r . p* with r prime to p. Let L = Q(ezKi~‘) and let r be the 
Galois group of ~(ez=i’~) over the compositum F = La([). Then I‘ = (o} is 
a cyclic group which does not fix any primitive pth root of unity. We may 
proceed as in 17, Theorem (6.30)/. Since 8” also extends <, 8” = @u for some 
(unique) linear character y of S by Clifford theory. If y # 1 then 9” sty and 
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so ,u” = ,u’ for some integer s f 1 mod p. Choose then i E Z with (1 - s)i = 1 
mod p, and let x = 0~‘. Then 
This implies that Q(x) s F and so x is p-regular. Also. since we have 
,5Qb) = LQ(?J, the final statement holds. 
It remains to check uniqueness. Let i be another p-regular character of G 
with X; = <. Then clearly p = LQ(jf contains F = L@(J), but P does not 
contain a primitive pth root of unity. Let f= (6) be the Galois group of 
‘D(e ‘ziim) over /? We have 2=x@ for some unique linear character b of 5’. 
Since 6 fixes i and x, it must also fix ,LZ But this forces Z = 1. 1 
Note. By restriction to Sylow subgroups, Proposition 2 applies in more 
general situations. For instance, using ( 11, Theorem 11 we get that [ can be 
extended to G if fQ((i) does not contain a primitive qth root of unity for every 
prime 4 dividing both / S1 and IHI. 
COROLLARY. Let [ be a G-invariant irreducible character of H, as usual. 
/f p is odd and [ is p-regular, then the order of cijs,(Q is a dicisor of p - I. 
Otherwise cZ,,([) is a p-element in H2(S, Z). 
Proof. Suppose O,(c) is not a p-element. Then, in view of the corollary 
to Proposition 1, p is odd and the ramitication index of Q,(<) over 0, is not 
a multiple of p - 1. Hence [ is p-regular. It suffices to show that p does not 
divide the order of GG(<). 
By restriction to Sylow p-subgroups we may assume that S is a p-group. 
(We then have to show that G3,([) = 0.) By Propo_sition 2 there exists a p- 
regular character x of G with xH = [. Moreover, O,,h) is unramified over 
‘iu,,(Q. Thus we have u<;(V) = 0 for any #6$,h)H-module V affording [ 
(Lemma 0), and Lemma 2 applies. I 
4. ~-SINGULAR CHARACTERS 
The character [ will be p-singular, of course, if it is not p-regular. That is. 
(either p = 2 or p is odd and) Q(c) contains a primitive pth root of unity. 
We shall appeal to the following. 
RESULT (DADE). Let M be a subgroup of G covering S = G/H, and let 
IY = M n H. Suppose V and W are absolutely irreducible KH- and KN- 
modules, respectively, both invariant under M. Then s . wa( V) = s . o,,,(W) 
in the (additive) group H’(S, K*), where s is the multiplicity of W in V,. 
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For a proof we refer to Ill, Theorem 2 1. (The basic idea is to use the 
unique embedding of Horn&W, V,.) into the S-graded K-space 
Hom,.+,( WV’, (&I”).) 
In the sequel we assume that V is a KH-module affording [, with [ as 
usual, and that K contains the pth roots of unity. 
LEMMA 4. Assume K contains also the rth roots of unity, where r is the 
p’komponent of 1 H 1. Assume further that S = G/H is a p-group. Then there 
exists a quasi p-elementary subgroup M of G which covers S and an 
absolutely irreducible and M-incariant KIM n HJ-module W such that 
w,$,( W) = o,,(V) in H*(S, K*). 
Proof. This is a slight generalization of a result by Dade (14, 
Theorem 5.30): cf. also 17, (8.24))). By the Brauer-Witt-Berman Theorem 
[ 3, (21.6)] there exists a p/-number m such that 
ml, =\‘ nOtIC’ 
-F 
where 9 runs over irreducible K-characters of quasi p-elementary subgroups 
M, of G and nH are integers. (A K-character of G is one afforded by some 
KG-module.) Using Mackey decomposition one obtains 
m = (ii, ml,,) =: n, (G:M,Hl(ii, (0 ,,,, n,,)ff). 
Note that [, the complex conjugate of [, and <c are G-invariant. As p does 
not divide m, there exist 8, M = M, such that p does not divide 
jG :MH\(<[, (o,,,,)“). Since S is a p-group, this implies G = MN. Set N = 
M n H. As M/N z S is a p-group and [,, , 8,. are M-invariant and p does not 
divide (<,, <,,19,,.) = (& (0,)“) (Frobenius reciprocity), we also find an M- 
invariant irreducible K-character 6 such that ([,, , 6) f 0 mod p. 
Let 6, be an absolutely irreducible constituent of 6. Since N has a cyclic 
normal p-complement, 6,,(l) is a power of p. Hence the Schur index VZ,(~,,) 
is a p-power too. Furthermore, IK(6,,): K 1 IS a p-power by our assumptions 
on K. Since i,% is a K-character, 
Since (iN, 6) is not divisible by p, we infer that m,(6,) = 1 and that 
K(6,) = K. This implies that 6 = 6, is absolutely irreducible. 
Let W be a KN-module affording 6. The assertion follows from Dade’s 
result as H2(S, K*) is a p-group and the multiplicity of W in V,. is not 
divisible by p. 1 
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PROPOSITION 3. We have G,(V) = 0 unless p = 2 and K does not 
contain the 4th roots of unity and the Sylow 2-subgroups qf H are 
nonabelian. 
ProojY We argue by induction on 1 GI. Since c is G-invariant, the kernel 
of [ is a normal subgroup of G. Hence we may assume that i is faithful. 
Application of the corollary to Proposition 1 and of Lemma 2 yields that 
GJ V) is a p-element in H*(S, Z). Consequently, by restriction to Sylow p- 
subgroups, we may assume that S is a p-group. 
Without loss we may assume that K contains the rth roots of unity, where 
again r is the p’-part of /HI (L emma 2). Thus, in view of Lemma 4. we may 
assume that G is a quasi p-elementary group. Write G = PC, where P is a 
Sylow p-subgroup and C is the cyclic normal p-complement of G. Let P, = 
PnH so that H=P,C. 
Let A be a G-invariant abelian subgroup of H containing C such that A/C 
is of exponent at most p. Let A be an irreducible K-character of A occurring 
in L . By the choices of K and A, this 1 is absolutely irreducible. Let 
N = I,(1) be the inertia group of A in H. Let 6 be the unique K-character of 
N such that i= 6” and S,,< involves 2 (Clifford). Since [ is absolutely 
irreducible so is 6. Since [ is G-invariant, the inertia group M = I,;(;“) covers 
S by a Frattini argument. For all z E A4 we have (a’)” = (8”)’ = [ and 
(S),, = (6,d)z = 6,. Therefore 6 is M-invariant. In view of Dade’s result we 
may thus assume, by induction, that M = G. Now i is the unique 
(absolutely) irreducible constituent of il. Since < is faithful, this implies that 
A is a cyclic subgroup of the centre Z(G). 
In particular, G = P X C. Repeating the above argumentation enables us 
to assume that every P-invariant abelian subgroup of P, is cyclic. Thus the 
structure of P, is quite clear by a result of P. Hall 16, (111.13.1O)J. We may 
conclude that P, is cyclic unless p = 2 and the Sylow 2-subgroups of H are 
nonabelian. On the other hand, when p = 2 and K contains the 4th roots of 
unity, we obtain in this way that every P-invariant abelian subgroup of P,, of 
exponent at most 4 is a cyclic subgroup of Z(P,). Then likewise P,, is cyclic. 
We are thus left with the situation that H is cyclic. But then obviously 
W&V) = 0, completing the proof. fl 
COROLLARY. When p is odd and < is p-singular, then 3,(c) = 0. In case 
p = 2 the order ofG3,(<) is 1 or 2. 1 
The Theorem stated in the introduction is a consequence of the corollaries 
to Propositions 2 and 3, combined with the results of Section 2. Actually we 
may regain the corollary to Proposition 2 from Lemma 2 and Proposition 3. 
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5. DECOMPOSITION 
We continue to assume that Y is a G-invariant ~abso~utely) irreducible 
KH-module affording i. 
PROPOSITION 4. Suppose W is an absolutely irreducible and G-invariant 
kH-~nodule with d,,. = 1. Then there exist G-invariant full RH-lattices in Y 
for which the reductions have either W as so&e or as head. 
Proof. We use an idea of Thompson (5, (1.17.12)j. For our purpose it is 
convenient to argue slightly different. Let 6’ be the RH-projective cover of 
W, identified with some right ideal of RH. This is a G-invariant RH-lattice. 
Let 6X E CL(@) for x E S be as usual (satisfying relation (A)). Let fbe the 
centrally primitive idempotent of KH associated to i. From the explicit 
formula 
one may read off that f is in the centre of KG, because i is G-invariant. If n 
is an integer such that z”f E R, then we may write ci(n”wf) = n”6ifn!)ffor all 
$1’ E 6’. Clearly Y = r;i;fis an RN-sublattice of KH (affording some multiple 
of i). Define ~1, E GL(Y) by u,~(u~) := B,(uj)f (x E S, 11’ E &). This is well 
defined and shows that Y is G-invariant. 
Now, since dc.,v = 1 by hypothesis, from Brauer reciprocity 1.5, (1.17.8)1 it 
follows that Y affords <. Since I& has a unique maximal submoduIe with 
factor module isomorphic to W so has Y being an epimorphic image. 
Consider finally X = l@ffi I@, This is likewise a G-invariant RH-lattice 
affording c. Using that kH is a symmetric algebra one checks that the socle 
of X,/xX is isomorphic to W. (Apply the dual module functor to the exact 
sequence O-+X-+ &+ @((f-- l)-+O.) 1 
COROLLARY. Let p be alz obsolutel~ ~rreducibie Brauer character of H. 
Let T = I,(q) be the inertly group of Q. [f d,, = 1 then the order of Gc(i) is 
a divisor of exp(S/S’T). 
ProoJI Specialize K = ~~(~)~~), which is unramified over Q,,(c), and use 
that ;i,([) is the restriction to T/H of &j&i). n 
Remark. If the ramification index of K over Q!,(i) is at least equal to 
J?:, dlw, then there is a full Rli-lattice P in V for which-the reduction v/nP 
is completely reducible [5, (L18.2)\. Then obviously V/xP is G-invariant. 
But it is not clear whether this observation, in contrast to the above, leads to 
invariant lattices. 
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By restriction to Sylow subgroups Clifford theory often reduces to the 
case where S = G/H is a q-group for some prime q. Assume for the moment 
that c(l) is a q’number here. Then there exists a G-invariant RH-lattice 
affording c (Lemma 3). Moreover we then find a G-invariant irreducible 
Brauer character p of H such that d,, f 0 mod q. We are in a position which 
is handled in the following. 
RESULT (DADE 141). Assume there is a G-invariant full RH-lattice in V. 
Let W be an absolutely irreducible and G-invariant kH-module. Then 
d,., . wc;( W) is the image of d,,,. . we(V) under the homomorphism 
H’(S, R *) --) H’(S, k”). 
Comment. The hypothesis means that we may regard w,(I’) as an 
element of H2(S, R”) (Lemma 1). This is valid in the situation of Theorem 3 
in 111 ] which provides for an easy approach to Dade’s result. Note that the 
kernel 1 + nR of the epimorphism R * +P k* is a pro-p-group 113, p. 74 1. In 
fact, R* r k” x (1 + nR), and we may identify k* with the group of p’th 
roots of unity in K. Therefore, when d,., is prime to JSJ and w,,(V) is a p’- 
element in H’(S, R *), we may even identify cou(;(V) and w,(W). For 
instance, wc;( V) is a p’-element if the Schur multiplicator of S is a p/-group 
and K contains the (G jth roots of unity. (This follows from the IJniversal 
Coefficient Theorem using a result of Reynolds. See (6, (V.24.6) I.) 
6. CYCLIC DEFECT GROUPS 
As usual [ denotes a G-invariant (absolutely) irreducible character of H. 
Let K = d,(c) and let ,4 = (RH)f, where f is the centrally primitive idem- 
potent of KH associated to c. Let B be the block of RH containing [. 
We need some notation. Let d. n,,..., n, be positive integers and let 
II = s ni. Denote by /i(n, ,..., n,; d) the algebra 
R R R. ’ R 
ndR . . . 
ndR ndR . ndR R i 
(n, . . . . . n,) 
of n x n-matrices over R consisting of block matrices of size n, x nj with 
entries in the indicated ideals R, resp. ndR ofR. The hereditary R-orders in 
M,(K) are those of type A(n, ,..., n,; 1) [3, p. 5771. By a famous result of 
Brauer (1 J n is a hereditary R-order if [ (or B) is of defect d = 1. (See also 
19 ] for a more recent discussion.) 
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This has been generalized by Plesken as follows (Theorem VIII.3 in [ 8 I): 
RESULT (BRAUER-PLESKEN). Assume B has cyclic defect groups. Then 
either A is a hereditary R-order or the defect of B is d > 2 and [ is a none.u- 
ceptional character in B. In the latter case A is of type A(n, ,..., n,; d) for 
suitable integers n,. 
The integers nj are, in an appropriate ordering, just the degrees of the 
irreducible Brauer characters which are constituents of [. 
LEMMA 5. Assume that A is of type A(n, ,..., n,; d) for suitable integers. 
Let U be an RH-lattice affording [. Then U/J(U) is a direct sum of at most d 
distinct (absolute!,)) irreducible kH-modules. If all irreducible constituents of 
U/zU are G-invariant then so is U. 
Proof. It is immediate that the radical J(A) consists of those matrices in 
A = A(n, ,..., n,; d) for which the diagonal block matrices have entries in zR. 
Hence A/J(A) is a direct product of r full matrix algebras of size n, x 11~ 
over k. In particular, there are exactly r nonisomorphic (absolutely) 
irreducible A-modules, say, W, . . . . . W,, each occurring with multiplicity 1 in 
U/TtU. 
We may regard U as a sublattice of the space ? of 1 x n row vectors 
over R. Then U consists, in the obvious pattern, of blocks of 1 x n, row 
vectors with values in certain ideals n’lR for integers zi > 0 (1 < i < r). Since 
U is A-invariant, the sequence (zi) must be monotonically decreasing and 
also satisfy Z, - z, < d. By multiplying with 71 -‘! we can arrange that z,. = 0. 
This means replacing U by the isomorphic sublattice of ? which is not in 
nP. We see that the isomorphism type of U and the sequence (zi), with 
Z, = 0, determine each other. 
There exists a maximal sublattice U’ c I/ with U/U’ 2 W, if and only if 
z, < d, and then U’ is determined by the sequence z, + 1, z2 . . . . . z, = 0. There 
exists U’ with U/U’ g Wi for an i > 1 precisely when zi < zi , . and then U’ 
corresponds to the sequence z, . . . . . zi. ]. zi + 1, zi, , . . . . This obviously gives 
the first statement. By repeating the argument we obtain that. for fixed i, 
there exists a chain 
u=u,,3u,3... =,I/, 
of sublattices of U with Uj/Uj+ , z Wi for all j if and only if zim, - zi > n 
(resp. d - z1 3 n for i = 1). Then, for any g E G, the conjugate module Uy 
has a chain 
of sublattices with U,~/U~, z Wf for all j. Thus if WY E Wi for all i = l,..., r. 
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the isomorphism type of UR likewise corresponds to the sequence (zi) and SO 
U”zlJ. I 
PROPOSITION 5. Suppose < belongs to a block B with cyclic defk)ct group. 
Then G, is the inertia group qf any irreducible Brauer character in B, and 
ellery RH-lattice affording [ is G,-invariant. If G, # G then [ is an excep- 
tional character in B (if there is any). The order of 3,(C) is a divisor of the 
irlertial irrdes eR of B (which divides p - 1). 
Proof: We make free use of the results on blocks with cyclic defect 
groups 15. Chapter VII]. Without loss we may assume that the defect d > 1. 
The Brauer tree d of B remains unchanged when passing to a splitting field 
for H. Only some exceptional characters (if any) in B may not be absolutely 
irreducible. Let cp be any (absolutely) irreducible Brauer character in B. Then 
Q,(p) is independent of the choice of 9. One also knows that K = Q,,(p, [) 
and that the Schur index of 4 over O,(cp) is 1 [S, (VII.13.3)). 
Since [ is G-invariant so is B. Consequently S acts on A (as a group of 
graph automorphisms). If there is an exceptional vertex, P,, in A, it is fixed 
by S. This follows from the fact that all nonexceptional characters in B are 
p-rational but not all exceptional ones. Let P denote the vertex associated to 
[ (P = P,, in case < is exceptional). Of course, this is also fixed by 5’. 
Let E be the edge of A associated to cp. We identify E wirh some 
corresponding principal indecomposable module in RH. At least one vertex 
P, on E represents an (absolutely) irreducible p-rational character. Let X, = 
Ef, n 6. where f, is the centrally primitive idempotent of KH determined by 
this character (cf. the proof of Proposition 4). If the other vertex PI on E is 
not the exceptional one, X, is constructed similarly. In case P2 == P,, we 
define X, = Ef, /7 E. where f2 is the sum over the centrally primitive idem- 
potents of KH to the exceptional characters in B. We deduc:e from 
j 5, (VII.2.13) and (VII.2.20)1 that the reductions of the Xi are uniserial 
having socles affording (o. 
Let T= I<;(cp) be the inertia group of q. Clearly T fixes E and P. Since A 
has no cycles. T must also fix both extremities P, , P, of E. Further, T leaves 
X, and X, invariant as the idempotents f,, fz are in the centre of KT. Hence, 
by uniseriality of the reductions, all edges which are incident with t’, or P, 
are fixed by T. Using connectedness of A we conclude that T/H is the kernel 
of the action of S on A. It also follows that 1 G/T] is a divisor of eB, lbecause 
eR is nothing but the number of edges in A. 
By Proposition 4 and the fact that all decomposition numbers at [ are 0 or 
I. we have 6,(c) = 0 and so T E G, by definition. By the result of 
Brauer-Plesken and Lemma 5 every RH-lattice affording [ is T-invariant. 
We may assume henceforth that T # G so that S does not fix any edge of A. 
If there is no exceptional vertex in A, then eH = p - 1 and d = 1 (and K = 
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Q,(q)) so that /i is a hereditary R-order. If P, exists then < must be excep- 
tional. For otherwise S would fix the unique path linking the distinct vertices 
P, and P and hence also an edge. But this has been ruled out. Thus, by 
Brauer-Plesken, in each case A is a hereditary R-order, say of type 
A(n I,..., n,; 1). 
Let e be the order of 6,(t). In view of Proposition 1 it remains to check 
that IG/TI = e. We already know that e divides (G/ri. Let Z? be a totally 
ramified extension of K of degree e. By Lemmas 2 and 1 there exists a G- 
invariant RN-lattice U affording [ (R = ring of integers of E). It is obvious 
that 
as an R-order. Let W be an irreducible constituent of U/J(U). Then W” 
occurs in U/J(U) for all g E G. Thus U/J(U) has at least jG/Tj 
nonisomorphic irreducible summands. On the other hand, Lemma 5 applies 
to show that U/J(U) cannot have more than e distinct irreducible summands. 
Hence e > jG/r(, completing the proof. m 
I. EXAMPLES 
We shall show that the lattice obstruction may have any order which 
remains possible by our results. 
I. Let p be an odd prime, and let N = (a, b) be the Frobemus group of 
order p(p - 1) (with a of order p). Let (c) be a cyclic group of order p - 1 
and let H = N x (c). There exists an automorphism x of H of order p ~ 1 
centralizing (a, c) and mapping 6 onto bc. Let G = H(x) be the semidirect 
product. 
Let 8 be the unique nonlinear (absolutely) irreducible character of N. As 
1 + Q is the permutation character of N, Q is p-rational. Let c = 6’ X p, where 
,u is some faithful linear character of (c). Since K = 0, contains the 
(p - I)th roots of unity, it is a splitting field for N and H. 
Clearly < belongs to a p-block of defect 1 and so Proposition 5 applies. It 
is easily verified that c decomposes mod p into p - 1 distinct linear Brauer 
characters which are permuted transitively by (x). Thus 6Jc) has order 
p - 1. Replacing p by some power p”’ with r dividing p - 1, we will obtain 
instead (x)-orbits of length (p - 1)/r. 
Consequently the order of the lattice obstruction may be any divisor of 
p- 1. 
II. Let p = 2 and let H be the dihedral group of order 8. Let < be the 
irreducible character of H of degree 2. Clearly c can be written in K = Oz. 
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Let CJ be any RH-lattice affording [ (R = L, the 2-adic integers). Let h E H 
be an element of order 4. By 13, (34.32)J U,,, is uniserial and independent of 
the choice of U. In fact, U,,, z R [iJ, where i2 = -1 and the (h)-action is the 
obvious one. Thus U has a unique maximal sublattice U’, and (U, U’) is a 
complete set of nonisomorphic RH-lattices affording i. 
It is immediate that U and U’ have the elementary abelian subgroups of 
order 4 as vertices. These subgroups are interchanged by an outer 
automorphism x of H of order 2. Hence, if we let G = H(x) be the semidirect 
product. U and U’ will not be G-invariant and so cZG([) has order p = 2. 
III. We finally discuss some nonsolvable groups. Note, however, that the 
investigation often can be reduced to elementary subgroups in view of 
Lemma 4. 
Let us consider (for convenience) the projective linear group H = PSL,(q) 
for some odd prime power q > 5. Then the Sylow p-subgroups are cyclic 
when p is prime to 2 and q. and the Sylow 2-subgroups are dihedral. Let 
G = PGL2(q). 
(i) Assume that either 4 = 1 mod 4 and p # 2 divides 4 - 1. or that 4 = 
-1 mod 4 and p # 2 divides 4 + 1. In both cases there is a p-block B of H 
with maximal defect, but distinct from the principal block, for which the 
Brauer tree looks like 
q+l ex q+l q-l Pk q-1 
2 qt1 2 
resp. ___ .-.-. ~- 
2 q 1 2 . 
Here the numbers denote the degrees of the (ordinary) irreducibles in B and 
“ex” indicates the exceptional vertex. (A reference for this is 121.) Let i 
denote, in each case, one of the exceptional characters. 
Now G has only irreducible characters of degree 1, q, q - 1 and q + 1 
(cf. [ 101). Consequently G stabilizes [ but not the two irreducible Brauer 
characters in B. By Proposition 5, L~JC) has order ) G/H) = 2. 
(ii) Suppose p = 2 and q = 7 mod 8. Then there is a unique irreducible 
character c of degree q - 1 in the principal 2-block of H which can be 
realized over K = Q,. (Cf. 121: note that all Schur indices are 1 over the 
rationals.) Let I? = K(G). Every extension x of [ to G requires K” == Kk), 
by 1 lo]. By elementary properties of Schur indices, this is also a field of 
realization for x. 
Let V be a KH-module affording [. By Lemma 0 we have o,,(V) f 0 but 
o(;.(K @ V) = 0. Assume by way of contradiction that G3,([) = 0. Then 
o,,(V) is an element of H’(S, R *), where S = G/H and R = i !. Let 
a t b J2 be a unit in the ring R’= R ($! ] of integers of K (a, b E R). Then 
u # 0. and (a + b fi)’ = a* + 2b2 + 2ab ~“2 is a unit in R if and only if 
b = 0. We conclude that k*/R * has no element of order 2 and so 
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Hom(S,k*/R”) = 0. Applying the long exact cohomology sequence we 
obtain that H’(S, R*)+ H’(S, K*) is injective. This gives the desired 
contradiction and shows that Gc;(<) is of order p = 2. 
Note added in prooj The authors just became aware of the paper “Character values and 
Clifford extensions for finite groups” by E. C. Dade (Proc. London Math. Sot. (3) 29 (1974). 
216-236). There is some connection with the present work. In particular. Proposition 2 above 
essentially is Corollary 5.12 in Dade’s paper. Actually one has ‘Q(x) = ::([) in the situation of 
Proposition 2. This can be seen as follows. Assume ,2&) 3 C(c) and let r be a nontrivial 
element in Gal(:!>~)/O(<)). Then x’ = xu For some linear character ,u # I of S = G/H. Choose 
an element g E G such that x(g) # 0 and &(Hg) # 1. Then x( g)‘/x( g) is a nontri!;ial p” th root 
of unity for some n. contradicting the fact that x is p-regular. 
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